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PRECALCULUS

1.1. BASIC NOTATIONS

Signs and Symbols
N={1,2,.} set of natural numbers
Z =40,+£1,%£2,...} set of integer numbers

Q:{%|a,beZ,b¢0}

set of rational numbers

R

set of real numbers

C={a+bi|la,beR,i*=-1}

set of complex numbers

a=b

a equals b, a is equal to b,
identity

a+b a is not equal to b, a does not
equal to b, a is other than b

a<b a is less than b

a<b a is less than or equal to b

a>b a is greater than b

a>b a is greater than or equal to
b

a>0 a is a positive number, a is
greater than 0

a>0 a is a non-negative number




addition, a plus b, sum of a
and b, a, b are the summands

subtraction, a minus b,
difference between a and b

multiplication, a times b,
product of @ and b, a, b are
the factors

a
b

division, a divided by b, a
over b, quotient of a and b,
a is the numerator, b is the
denominator

1%, 2/3, 2%

one half, two thirds, two and
a half

0.01

nought point nought one

5%, 2/5%

five per cent, two fifth per
cent

n
da =a +..+a,
=1

sum over q; of i equals 1 up
ton

product over a; of i equals 1

Hai:ar---‘an up ton
i=1
o0 infinity
Functions
f:X->Y f is a transformation of X into Y
X, D(f)=Ff1Y) domain of f
Y, R(f)=f(X) codomain of f, range of f
" x to the power of n, nth power of x for
nx>0
X2 x squared




x cubed

X

NP square root of x, n-th root of x

n! n factorial

| x| absolute value of x

sgnx sign of x (sgn5=1, sgn-3=-1,
sgn0=0)

e* . expx exponential function of x, e to the

’ power of x

log x logarithm (log) of x (to) base a

Inx natural logarithm (log) of x (to base ¢e)

sinx sine of x

cosx cosine of x
secant of x

secx =

cosx

cosecant of x

cscx =—

sinx
tanx, tgx tangent of x
cotx, ctgx cotangent of x

arcsinx , sin”' x

arc sine of x, inverse sine of x

arccosx, cos” x

arc cosine of x, inverse cosine of x

arctanx , arctgx

arc tangent of x, inverse tangent of x

Sets

{a,b,c,...} set with the elements a, b, c, ...

acA a is an element of 4, e.g. 3€Z (3 is an integer)




agA

ais an element of A, e.g. J2¢Q (\/5 is
not rational number)

{xe M|P(x)} The set of all elements in M satisfying
condition P, e.g. {xeZ|2<x<5}={3,4}

AcB A is a subset of B (any element of A is an
element of B), A is included in B

AcB A is a proper subset of B (is a subset and
unequal)

AUB A union B, A or B, includes all occurring
elements (x is in AU B if and only if x is
in A or x is in B)

ANB A intersection B, A and B, includes all
common elements (x is in AU B if and
only if x is in A and x is in B)

A\B A not B include all elements of A that
are not in B

AxB A cross B, cartesian product of A and B,

set of all (ordered) pairs from A and B

Ax. . xA=A"
- -7

the set of all ordered n-tuples (x,,...,x,),
x,€A,i=1,..,n,e.g R*R®

%) Empty set
Greek Alphabet
Letters (upper Name Pronunciation
case, lower case)
Ao alpha "elfo
BB beta 'bi:to
Iy gamma 'geema
AS delta 'delta




Ee epsilon ‘epsalon
= xi ksai
Hn eta "i:ta
zZC zeta 'zi:ta
It iota ai’auta
K kappa 'keepa
AN lambda 'leemba
M pu mu "mju:
Nv nu "nju:
Oo omicron ‘sumakrun
Mn pi pai
Pp rho rav
Yo sigma 'sigma
Tt tau tav
Y upsilon 'Apsalun
®0 theta 'Bi:ta
ON0) phi fai
¥y psi psai
Xy chi kai
Qo omega av'miga
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1.2. GRAPHS ON THE CARTESIAN PLANE

Rectangular coordinates

Ordered pairs of real numbers can be represented by
points in a plane called the rectangular coordinate system,
or the Cartesian plane (Figure 1).

by

y—axisk_

Quadrant I[I s} Quadrant I

xX-axis

rigin
.. Quadrant IV

-3

Quadrant III

Figure 1. Coordinate system

The horizontal real number line is usually called the
x-axis, and the vertical real number line is usually called
the y-axis. The point of intersection of these two axes
is the origin, and the two axes divide the plane into four
quadrants.

The scatter plot is a way to represent the data
graphically. To sketch a scatter plot of the data presented
by a finite number of pairs (x, y), plot the points (x, y).

Pythagorean Theorem and the Distance Formula

For a right triangle with hypotenuse length ¢ and sides
lengths a and b, we have

a®+b*=c”,
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The converse is also true. That is, if a®+b%=¢* , then
the triangle is a right triangle.

The distance d between the points (x,,y,) and (x,,¥,) in
the plane is (Fig 2)

d= \/(xz —x,)2 +(y, =)

X1,y

” (x1.01)
d
(x2,02)

y2

X1 X2 :

Figure 2. D2-distance
The Midpoint Formula

The midpoint M of the line segment joining the points
(x,,5,) and (x,,,) is

M:(aﬁ T X ’y1 +y2].
2 2

Example. The production of Lada-Vesta cars in January
2021 amounted to 8879, and in March — to 13349. Without
knowing any additional information, what would be
estimated the February 2021 production? (Source: AvtoVAZ
0JSC).

Let (n,,) be production in month n of year 2021.
Assuming that production followed a linear pattern, we
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suppose that (2,@,) is the midpoint of the line segment
joining the points (1,@,) and (3,8,). So

1+3 8879+13349
2’ 2
Thus, the February production is estimated at 11114.
The actual amount is 11298. The error is about 1.6%.
To shift a point a units to the right, add a to the
x-coordinate. To shift a point & units up, add b to the
y-coordinate: if (x,y) is an original point then the translated

(2,Q2):( j:(2,11114).

point is (x+a,y+b).

The Graph of an Equation

Let F(x,y)=0 be an equation relating x and y. The
graph of this equation is the set of the solution points, i.e.
the points (x,y) satisfying F(x,y)=0. In particularly, the
graph of a function y=f(x) is the set of points (x,y) such
that y=7(x).

Solution points of an equation that have zero as either
the x-coordinate or the y-coordinate are called intercepts.

To find x-intercepts, we have to solve the equation
F(x,00=0. To find y-intercepts, we have to solve the
equation F(0,y)=0.1If y=f(x) and f(x) is defined at x=0
then the y-intercept is (0,f(0)). To find x-intercepts, we
have to solve the equation f(x)=0.

A graph is symmetric with respect to the x-axis if,
whenever (x,y)is on the graph, (x,—y) is also on the graph
(replacing y with —y yields an equivalent equation).

A graph is symmetric with respect to the y-axis if,
whenever (x,y) is on the graph, (-x,y) is also on the graph
(replacing x with —x yields an equivalent equation).

A graph is symmetric with respect to the origin if,
whenever (x,y) is on the graph, (—x,—y) is also on the graph
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(replacing x with —x and y with —y yields an equivalent
equation).

The graph of a linear equation

y=mx+b

is a line whose slope is m and whose y-intercept is (0, b)
(Figure 3).

ny ny

y=mx+b
m=>0

~T1(0.5)
x x
a) Positive slope, line rises b) Negative slope, line falls

Figure 3. Lines

A vertical line has an equation of the form x=a. The

slope of a vertical line is undefined.
The ratio

m:yz N
Xy =%

represents the slope of the line that passes through the
points (x;,¥,) and (x,,¥,). The equation of the line with
slope m passing through the point (x;,y,) may be written as
follows

y—y, =m(x—x,)

(point-slope form).
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The graph of a quadratic equation

y=ax’+bx+c

with a#0 is parabola. Parabola is a U-shaped curve. Any
parabola is symmetric with respect to its axis. The point
where the axis intersects the parabola is the vertex of the
parabola. When the leading coefficient a is positive, the
parabola opens upward. When a is negative, the parabola
opens downwards (Figure 4).

1y N . 1y
J axa';bo"‘ te v=a’+bx+c
a<0
Vertex
Vertex
x 3
-b/2a ’ -b/2a
(a) (b)
Leading coefficient is positive Leading coefficient is negative
Vertex is the lowest point Vertex is the highest point
Parabola opens upward Parabola opens downward
Figure 4. Parabolas
The graph of equation
(x-a) +(y-b)’=r" N2

is a circle with its center at
(a,b) and radius r.

O(a,b)

Figure 5. A circle with its
center at (a,b) and radius r
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1.3. FUNCTIONS

Basic Notions

A function f from a set X to a set Y assigns to each
element x€ X exactly one element y€Y . The set X is the
domain (or set of inputs) of the function f, and the set Y
contains the range (or set of outputs). The domain of f is
denoted by D(f) or D, and the range by R(f) or R,.

If A is a subset of D(f) then f(A) is the set of all y such
that y=f(x) for some x€ A. Obviously f(D,)=R,.

The composition of the function f with the function g is
defined for x and assigns f(g(x)) to x if g(x)eD,. The
function f is the outer function; the function g is the inner
function.

Example. Let f(x)=x" and gx)=x+1. Then
f(g(x))=(x+1)" considering f(x)=x" as the outer function,
and g(x)=x+1 as the inner function. Similarly, considering
g(x)=x+1 as the outer function, and f(x)=x" as the inner
function we get g(f(x))=x"+1.

Let f and g be functions. The function g is the inverse
function of the function f if the following conditions hold:
f(g(x))=x for every xeD,; g(f(x))=x for every xe D, .

The function g is denoted by f (read “f-inverse”). By
the definition

f(f'x)=x and f'(f(x)=x.

If g is the inverse function of f, then it must also be true
that f is the inverse function of g. So, the functions f and g
are inverse functions of each other.

A function f has an inverse function if and only if f is
one-to-one, i.e. each value of y dependent variable
corresponds to exactly one value of the independent variable.
In other words, equation f(x)=2y has the only solution for
every y from the range of f.
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